We obtain regularity properties of the quantum stochastic gradients (creation, annihilation and conservation gradients) by systematic study of their various domains. Accordingly, regularity properties of the (non-adapted) quantum stochastic integrals of Hitsuda-Skorohod type follow by duality.
Introduction
Since the celebrated paper by Hudson-Parthasarathy [7] the quantum stochastic integrals of Itô type have been extensively studied by many authors, see Meyer [17] , Parthasarathy [21] for fundamentals and Attal-Lindsay [2] for more recent results. Beyond the Itô type, non-adapted (or non-causal) quantum stochastic integrals have been discussed by Belavkin [3] and Lindsay [15] . In this paper, we propose a functional analytic method (kernel theorem and duality, see e.g., Treves [22] ) for further investigation, in particular, towards regularity problems of quantum stochastic integrals. First we introduce new notions of quantum stochastic gradients which are quantum extensions of the classical stochastic gradient. We then define by duality the Hitsuda-Skorohod quantum stochastic integrals. Our approach seems advantageous to systematic study of regularity properties of the quantum stochastic integrals.
In the classical context the Hitsuda-Skorohod integral is defined by means of the adjoint action of the stochastic gradient (also called the Malliavin gradient), see e.g., Kuo [14] , Malliavin [16] , Nualart [18] . Let us explain in terms of white noise theory [6, 14, 19] . Our consideration is based on the Gelfand triple where ÀðHÞ is isomorphic to the L 2 -space over the Gaussian space through the Wiener-Itô-Segal isomorphism. We adopt the so-called the Hida-Kubo-Takenaka space of white noise functions, see Section 2. The stochastic gradient r is defined by rðtÞ ¼ a t ; 2 ðEÞ; t 2 R; where a t is the annihilation operator at a point t 2 R. Then, r is extended to a suitable domain larger than ðEÞ, say D, and becomes a continuous linear map from D into L 2 ðR; ÀðHÞÞ, see Section 2.3 for more precise description. The adjoint map of r is then a continuous map from L 2 ðR; ÀðHÞÞ into D Ã . We call ðÉÞ the Hitsuda-Skorohod integral. In probabilistic interpretation, r maps a random variable to a stochastic process and conversely.
In the quantum context we need to treat processes consisting of unbounded operators in the Fock space ÀðHÞ, in particular, the annihilation, creation and conservation processes. The framework (1:1) is convenient to overcome this difficulty. A continuous operator from ðEÞ into ðEÞ Ã is called a white noise operator and LððEÞ; ðEÞ Ã Þ denotes the space of such operators. The three basic quantum stochastic processes become LððEÞ; ðEÞ Ã Þ-valued continuous (in fact, infinitely many times differentiable) maps defined on R. Moreover, so is the quantum white noise fa t ; a where the right-hand sides are in terms of the classical stochastic gradient and the classical Hitsuda-Skorohod integral. Thus, our definitions of the Hitsuda-Skorohod quantum stochastic integrals coincide with the ones introduced by Belavkin [3] and Lindsay [15] for a common integrand. In fact, their definition starts with the right-hand sides of (1:3) for suitably chosen Ä and . Our approach is more direct thanks to the quantum stochastic gradients acting on white noise operators and is expected to be advantageous to systematic study of regularity properties of quantum stochastic integrals, as is illustrated in Sections 4 and 5.
The basic idea of quantum stochastic gradients were first introduced in the recently published paper [12] , where we discussed also an application to quantum martingales. More applications to quantum stochastic integral representations of Fock space operators are found in [13] . In this paper, introducing several different domains of the quantum stochastic gradients, we investigate their regularity properties in detail. Then we obtain the regularity properties of quantum stochastic integrals by duality.
Stochastic Gradient in White Noise Theory

White noise distributions
We start with the real Gelfand triple:
where L 2 R ðR; dtÞ is the Hilbert space of R-valued square-integrable functions on R, SðRÞ the space of rapidly decreasing functions, and S 0 ðRÞ the space of tempered distributions. The inner product of L 2 R ðR; dtÞ and the canonical bilinear form on S 0 ðRÞ Â SðRÞ are compatible and are denoted by the same symbol hÁ; i. The complexification of (2:1) is denoted by
The canonical C-bilinear form on E Ã Â E is denoted also by hÁ; Ái. Let j Á j 0 denote the norm of L 2 ðRÞ. Note that jj 2 0 ¼ h " ; i for 2 H. The topology of E is defined by means of the differential operator
For each p ! 0 we put E p ¼ DomðA p Þ which becomes a Hilbert space with norm jj p ¼ jA p j 0 . Let E Àp be the completion of H with respect to the norm jj Àp ¼ jA À p j 0 . Then E Àp is identified with the strong dual space of E p with respect to the Hilbert space H. We thus obtain a chain of Hilbert spaces:
It is known that
In fact, E is a countably Hilbert nuclear space. There exists an orthonormal basis 
where b is the symmetric tensor product. Taking the chain of Fock spaces: It is known that ðEÞ is a countably Hilbert nuclear space. We thus obtain a complex Gelfand triple:
which is referred to as the Hida-Kubo-Takenaka space. By definition the topology of ðEÞ is defined by the norms
On the other hand, for each È 2 ðEÞ Ã there exists p ! 0 such that È 2 ÀðE Àp Þ. In this case, we have
The canonical C-bilinear form on ðEÞ Ã Â ðEÞ takes the form: 
These are called respectively the annihilation operator and creation operator at a point t. The pair fa t ; a Ã t ; t 2 Rg is called the quantum white noise.
Classical stochastic gradient
We first note the following fundamental fact, of which the proof is contained implicitly in [19, Chapter 4] .
Lemma 2.1. The map t 7 ! a t is an LððEÞ; ðEÞÞ-valued rapidly decreasing function, i.e., belong to SðRÞ LððEÞ; ðEÞÞ ¼ $ LððEÞ; SðRÞ ðEÞÞ ¼ $ SðR; LððEÞ; ðEÞÞÞ.
Hence, for 2 ðEÞ the map t 7 ! a t is an ðEÞ-valued rapidly decreasing function. Then the map r defined by rðtÞ ¼ a t ; 2 ðEÞ; t 2 R;
ð2:3Þ becomes a continuous linear map from ðEÞ into SðRÞ ðEÞ ¼ $ SðR; ðEÞÞ.
Quantum Stochastic Gradients
We need to extend the domain of r. For ¼ ð f n Þ 2 ðEÞ Ã we set 
We then have the inclusion relations:
We first extend the domain of r to D by virtue of the following 
ðEÞ: ð2:6Þ
It follows from (2:4) that where the right arrows are continuous injections (inclusions) and the down arrows are continuous linear maps, which differ in domains but are denoted by the symbol r. We refer to r as the (classical) stochastic gradient. The middle r in (2:7) appears often in literatures, see e.g., Kuo [14] , Malliavin [16] , Nualart [18] . Proof. It is straightforward to check (2:8) for exponential vectors with 2 E. Observing that both sides are continuous in with respect to the topology of D, we get the result. The proof of (2:9) is then obvious. Ã
Quantum Stochastic Gradients 3.1 Creation gradient
We will define the creation gradient as a continuous linear map acting on white noise operators. Several domains will be introduced.
( 
In other words, r þ is the composition of continuous linear maps: For the norm estimates of r þ we first prove the following
In particular,
ÀðHÞÞÞ is a contraction.
Proof. We see that r þ restricted to L 2 ðÀðE p Þ; DÞ is the composition of maps: In particular, r þ ÄðtÞ is a Hilbert-Schmidt operator on ÀðHÞ for a.e. t 2 R.
The above discussion on the creation gradient is summarized into the following diagram: where the classical gradient appears as a continuous linear map (in fact, contraction) from ÀðHÞ into L 2 ðR; D Ã Þ, see the third version of (2:7). Then the argument is totally parallel to Case 1 and we obtain the following
is a contraction.
We also note the following diagram: 
Annihilation gradient
Recall that one of the domains of the creation gradient r þ is LððEÞ; DÞ, see (3:5). We consider the space of adjoint operators, i.e., LðD Ã ; ðEÞ Ã Þ, and define r À by composition as follows: Proof. The proof of (3:12) is similar to that of Theorem 3.4, while (3:13) follows from
which is easily justified. Ã
Conservation gradient
We need the ''diagonalized'' tensor product r r of the stochastic gradients. We begin with the following. We call r 0 the conservation gradient.
Hitsuda-Skorohod Quantum Stochastic Integrals
The Hitsuda-Skorohod integral
The classical stochastic integral of Hitsuda-Skorohod type is defined by means of the adjoint action of the classical stochastic gradient. Taking the adjoint maps in the diagram (2:7), we come to the following for a suitable pair É and . The quantum stochastic integrals of Hitsuda-Skorohod type are defined in the same spirit, where the quantum stochastic gradients play a role.
Creation integral
The creation integral þ is by definition the adjoint map of the creation gradient r þ . Taking the adjoint map of (3:5), we have The norm estimates of þ follow immediately from those of r þ . Proof. In order to fix the idea we assume that Ä 2 L 2 ðR; LððEÞ; ÀðHÞÞÞ and prove (4:6) for 2 ðEÞ and 2
ÀðHÞ ðEÞÞ is defined in (3:1) . Taking the adjoint, we have 
Annihilation integral
The annihilation integral À is defined to be the adjoint map of the annihilation gradient. In a similar fashion as in Theorem 4.2 we have the following 
Conservation integral
We defined the conservation gradient r 0 with two different domains in (3:16) . The conservation integral is defined to be their adjoint maps, i.e., where Är is defined by ÄrðtÞ ¼ ÄðtÞðrðtÞÞ.
We only mention the following criterion for a conservation integral being a bounded operator on ÀðHÞ. The proof is similar to that of Theorem 4.3. Then the conservation integral 0 ðÄÞ is a bounded operator on ÀðHÞ.
Remark We see from (4:7), (4:13) and (4:16) that our definitions of the Hitsuda-Skorohod quantum stochastic integrals coincide with the ones introduced by Belavkin [3] and Lindsay [15] for a common integrand. In fact, their definition starts with the right-hand sides of (4:7), (4:13) and (4:16) for suitably chosen Ä and . Our definition is more direct thanks to the quantum stochastic gradients acting on white noise operators.
Further Extensions
Admissible rigging of Fock space
We introduce a new family of norms in ÀðHÞ. For p 2 R we set
For p ! 0 we define G p ¼ f ¼ ðf n Þ 2 ÀðHÞ ; jjjjjj p < 1g and G Àp to be the completion of ÀðHÞ with respect to jjj Á jjj Àp .
Having thus obtained a chain of Hilbert spaces:
we define
Note that G is a countable Hilbert space but not a nuclear space. Also note the continuous inclusions:
Then G and G Ã are mutually dual spaces. The canonical C-bilinear form on G Ã Â G is denoted by hhÁ; Áii again. A white noise operator is called admissible if it belongs to LðG; G Ã Þ, which is regarded as a subspace of LððEÞ; ðEÞ Ã Þ. The spaces G and G Ã were introduced by Belavkin [3] and have appeared in several contexts, see e.g., [1] , [4] , [15] . An admissible white noise operator was introduced by Ji-Obata [11] and has been studied along with quantum martingales by Ji [8] .
Extension of quantum stochastic gradients
It is easily verified by definition that
Having defined in Section 2.3 the classical stochastic gradient with domains D and ÀðHÞ, we now extend its domain to G Ã . However, as will be seen below, this extension is no longer a contraction. becomes a continuous linear map.
Extension of quantum stochastic integrals
The Hitsuda-Skorohod quantum stochastic integrals are defined to be the adjoint maps of quantum stochastic gradients. We have freedom to choose their domains. Among others, in view of (5:2) Although we have another choice of domains in this line, the argument is parallel and omitted.
White noise operators
More generally, we can prove that the stochastic gradients r I, I r and r r are continuous linear maps from ðEÞ ðEÞ into SðR; ðEÞ ðEÞÞ. Therefore, the quantum stochastic integral : S 0 ðR; LððEÞ; ðEÞ Ã ÞÞ ! LððEÞ; ðEÞ Ã Þ is a continuous map, where ¼ þ; À; 0. An element of S 0 ðR; LððEÞ; ðEÞ Ã ÞÞ ¼ $ LððEÞ; ðEÞ Ã Þ S 0 ðRÞ is called a generalized quantum stochastic process, see [20] .
The classical-quantum correspondence
It is well known [9, 19] where is the pointwise product defined through the Wiener-Itô-Segal isomorphism. Let 0 ¼ ð1; 0; 0; . . .Þ 2 ðEÞ be the vacuum vector. It then holds that M È 0 ¼ È.
Quantum Stochastic Gradients
Lemma 5.1. M È 2 LððEÞ; G
